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ABSTRACT
In this paper, we get a necessary and sufficient condition on the weights
(#, v) for the Poisson integral operator to be bounded from Lg(R™, v(z)dz)
to weak-Lq,(RT"l,dp), where ® is an N-function satisfying the
Ag-condition. We also find a necessary and sufficient condition on the
weights (p,v) for the Poisson integral operator to be bounded from
Lg(R™,v(z)dz) to L@(R'_;_"'l ,du) under some additional condition.

1. Introduction

Let P denote the following Poisson integral operator:

PUN@t)= [ fuple-wtdy (R, t>0)

where

A o Cat
p(z,t) := (eF + &)/

Let & be an N-function on [0, 0), i.e., ®(t) = fot @(t)dt where ¢ : [0,00) — R!is
continuous from the right, non-decreasing on [0, 00), ¢(3) > 0 for s > 0, ¢(0) =0

and ¢(+00) = +00. In this paper, we shall consider the following two questions:

Q-1: For a given nonnegative measure y on R_’“_"'l and a weight v on R®, what
are the conditions on (u,v) for P to be bounded from Lg(R",v(z)dz) to weak-
Le(R1!,du)?

* Partially supported by NNSF of P.R. China
Received May 20, 1991

193



194 JIE-CHENG CHEN Isr. J. Math.

Q-2: What are the conditions on (4, v) for P to be bounded from Lg(R™, v(z)dx)
to Ly (R'_:,+1 ,du)?

This kind of problem was originally studied by Carleson [1] (for v =1, (¢) =
t?, 1 < p < 400), Fefferman and Stein [2] (for &(t) = t*, 1 < p < +00) and
Muckenhoupt [6] (for ®(t) =17, 1 < p < +o0, du(z,t) = u(z)dz ® déy(t) where
80(t) denotes the Dirac measure at 0). The problems were proposed and studied
in such a unified form in Ruiz [7] and Ruiz-Torrea [8].

For the above questions, it is enough to consider the following maximal func-
tion M instead of P since M(f) and P(f) are comparable with each other for
nonnegative f. M is defined by

Mzt =  sp  |Q" /Q F)ldy

cubeQ3z and I(Q)>¢

where [(Q) denotes the side length of Q. In this paper, “cube” always means the
cubes with sides parallel to the coordinate axes.

For Q-1, our result is as follows.

THEOREM 1: For an N-function ® satisfying the Aj-condition, a nonnegative
measure p on R} and a weight v on R®, the following inequality holds:

C
M) ulm0: MY > < g [ (e (>0

if and only if (u,v) € A3, ie.

0 i oo(6)) wom-oc

where @ := Q x (0,/(Q)], p(Q) = [5du, (9)q :=IQ|™* f,¢(z)dz and
®) P(t) :=sup{s: ¢(s) <t}.

The As-condition means that

(3 B(2t) < Cad(t) (> 0).

Furthermore, C,, fl, < C1/Cy < Ca ¢ for the minimal choice of Cy.
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Remark A: The case when ®(t) =tP, 1 <p <oo. For v = 1, the equiv-
alence of (1) and (2) was shown by Carleson [1] and (2) is just the so-called
Carleson condition, i.e., 4(Q) < C,|Q|. And Fefferman and Stein’s condition [2]

itelgy(é) <Cuv(z) aezeR"
is stronger than (2) because the last inequality means
info(e) < (0 (5))a) ™
The general condition on (u,v) for (1) was found by Ruiz [7], i.e.
(@) (101 [ ofe) 7 Irae)™ w(@)/101 < o

Remark B: The case when du(x,t) = u(x)dx ® déo(t). For &(t) =17, 1<
p < +00, the equivalence was proved by Muckenhoupt [6] and (2) is just the

A,-condition, i.e.

su L u(z)dr -1— vx“”/":tph" o0

cube Q

For general &, if & and its complementary function

t
(5) U(t) := /0 Y(s)ds
satisfy (3') where 9 is defined by (3), the equivalence of (1) and (2) was shown
by Gallardo, and (2) is equivalent to the Ag-condition (see [3,5]). 1

For Q-2, our result is partial. We first introduce some notation. Let

Nt = s (fDe

yadic cube
and £(Q)>t

No(f)z)=  sup  (IfD)o.@

dyadic cubeQ>z

(9)or0 = /Q 9(W)o(w)dy/o(Q),

ﬁa(f)(z) = 0’(27)N,(f/0)($),
ry(f)(z) = f(z - y).

Then we have
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THEOREM 2: Suppose ® is an N-function satisfying (3). If there is a weight o
on R™ such that

© s [ B (@) < [ B

y€ERn
then M is Lg(R", v(z)dz) — Le(R%™,dp) bounded, i.e.

(7) [ 2 M 0duta) < € [ 8 Suta)te
Ri‘“ R»
if and only if
©® [ #(Mroxe)a)iulz,) <Cs [ daowla)dz (0> 0)
Q Q
Further, C;’; < 04/05 < Cn,q;.

Remarks: (C) It is easy to see that TJI(N,y,(Ty(f)))(z) < o(x)M,(f /o) (z) for
any y € R®, where M, is the Hardy-Littlewood maximal function operator with
respect to the measure o(z)dz.

(D) If y € A, then (6) is true for o = 1 by [5]. Thus we have
COROLLARY 3: If v € As, then M is bounded from L¢(R™ v(zr)dzr) to
La (R, dp) iff 4(Q) < Csv(Q), where & and ¥ satisfy (3).

(E)  C3! < ®(st)/(®(s)®(t)) < Cs then (6) is true for any weight v and o :=
¥(%) where ¢ is defined by (3). Actually, N, is bounded from L*®(R",o(z)dz)
to itself and from L'(R™,o(z)dz) to weak-L}(R",o(z)dz) for any weight o. So,
by Theorem 2.17 of [3], N, is Ly(R", 0(z)dz)-bounded. Thus, by Lemma 1 of

the next section, for o := ¢(1), we have
/ B(No(f))v < Co / a(<p(1/)(;1)-))v)<I>(N,(-|£—l)) <Cs / aq;(N,(%))
< Con [ o2y < Co [ 0207D/2(0) < Con [ o011

Similar estimates hold for the operator Ty l1\7,.“,1',,. So, we have

COROLLARY 4: If C3' < &(st)/(2(t)®(s)) < Cs, ¢ and its complementary
function ¥ satisfy (3'), then (7) holds iff (8) holds.

(F) In particular, Corollary 4 holds for ®(t) = t?, 1 < p < +o0. In this case,
we get Sawyer’s result [9] when du(z,t) = u(z)dz @ déo(t) and Ruiz-Torrea’s
result (8] for general p. |
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2. Proof of Theorem 2

Theorem 2 will follow from

THEOREM 2': If there is a weight o on R™ such that

) L e <G [ aiimie),
then

™) L 3V 0)u(at) <O [ 8(17Dute)ee
if and only if

@) ‘éé(ﬂ(naxa)(z,t))dﬂ(x,t) <G /Q S(moylz)dz (Vo> 0)

where ® is an N-function satisfying (3'), and 1 < C7/Cs < Cs.
Actually, a “translation” discussion shows that, under the conditions of Theo-

rem 2 (i.e. (6) and (7)), the following inequality holds:

© s [ TN e ) < O [ 81 o(a)d

yER"

Thus, by Lemma 2 of [8] and Jensen’s inequality, we can easily get (8) from (9).
Now, we shall prove Theorem 2'. The idea is essentially from [4,9]. At first,

we have

LEMMA 1: For any N-function @, t < p((t)) and &(t) < tp(t). If ® satisfles
(3"), then p((t)) < Cot and B(t) > tp(t)/Ce.

Proof : The first part easily follows from the right-hand continuity and mono-

tonicity of ¢. Now, if ® satisfies (3'), we have
2t
&(t) > C7'13(2t) > C3! / p(s)ds > Czltp(t),
t
and thus

P(¥(t)) < lim, ¢(2(p(t) ~ @) < Cs lim o(¥(t) =) SCot.

Now, “(7)=>(8)” is obvious if we take f = noxg. To prove “(8') = (7')”, we

need



198 JIE-CHENG CHEN Isr. J. Math.

LEMMA 2: (8') implies the following inequality:
®) [ #Wroxa)eD)iduz < G /G B(no)u(z)z  (vn>0)
Gy

where G4 := U
dyadic QCG

Proof : Consider N(®)(f) defined as N(f) but with the additional restriction
I(Q) <R, R>0. Let

AR ={Q: (no)g >2%, I(Q) > R, QCG},

and choose a maximal subfamily {Qf;}; from AR (it is possible because
sup{l(Q): @ € AR} < R < +c0). Then it is easy to see that

UQk,,- U @={G&1: ¥P(on)(z,t) > 2" z € G}

QeAR

and

Gan (G x [0, R])) = | JQs,;.

kj
Now, put
Ey; = Qs — JOr+1

klj

{@:}; to be a maximal subfamily of {Qx ;} ;. Then

/, NP (nx6)(a,))du(z, ) = [ BN (1ox6)(z,t))du(z, 1)

G G4n(Gx[0,R))

< E SR Nu(Er;)<Ce Y. Y. ¥((n0)qu,; )u(Er ;)

i Qk}CQI

<Gy Y NP (noxq,)(z,t))du(z,t)

1 Qk,j CQ. E*-J‘

<Cs /UQ- ®(no)(z)v(z)dz = C@L@(na)(z)v(z)dx

Finally, letting R — 400, we get (8").
Now, we shall prove “(8') = (7')”. Similarly to the proof of Lemma 2, let

BE={Q: (Ifl)q > 2% UQ) < R},
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{Q~k,j}j be a maximal subfamily of BR,

Frj=Qu; = JOrs )
j
T(n) = {(k.j): (Ifl/o)o,@u; > 1}

Gm= | i
(k,7)€r(n)
then,
RIM = (JQui={(z €R™: NP(f/o)(z) >} and Em)a> | Qs
(k,5) (k,5)€r(n)

where N,(,R) is defined similarly as N, but with restriction 1(Q) < R. Therefore,
we have
/nm NPy < Y @ H)u(Fi) < Co Y A((IFN)us I(Fis)
+ (k,5) (k,j)

< Cs Y 8((0)qu; (£1/9)0,qu; )1(Fr5)
(k)
<Ce), >, 2((0)qu,; 25 )l Fr,5)

£ (k)ET(2)-T(2+)

sa) > ., #NDoxau, iute,t

i (kj)er(’

<Cs) [ 32NB(oxcni))du(s,t)
i vG(n),

< Cs Z /G ®(2'0)v(z)dz  (by (8"))

(2%)

= Cs /m"( Y )e(2o)(z)dz (by (8"))

i: 20<N(f/o)
<Cs [ S(eNEV(f/a)u(e)iz
because, by Lemma 1, "
z $(2'0) < Cs Z 2op(2i0)
i<a i<a

< Co2iap(2°0) ) 2' < Ca2%0p(2%0) < Co®(2%0).
i<a
Combining the above with (6'), we get (7'). 1
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3. Proof of Theorem 1
Proof of (1) = (2)”: Taking f = xq¥(L) and ng = (f)q, we get
M(f)z,t) 2 (flg  forany (z,t) € Q
and
p({(z,t) : M(f)(z,t) 2 nq}) < (Cl/Q(nQ))AQ(IfI)v(z)dx,
W@)/1] < C(&W(2)0)a/B(ng)

< i (#()oe ()l (H(5)ar(($(5))a)) < CrCa/e((H(5))a)
by Lemma 1. |

Proof of 4(2) = (1)”: At first, we claim that (2) implies

(10) #(Q)/1Q| £ C2Ca(2(f)v)/2((I)e)-
Taking (10) for granted, we can prove (1) easily. Let M(® be the maximal
operator defined as M , but with restriction !(Q) < R in the defining identity of
M: Put

Q= {(z,t) e R} : MB(f)(z,1) > n},

@, = {z e R™: MB(f)(z,0) > n},

tryq(z) =sup{t: (z,t) €y} (SR forany z € ),

then {Qz,R,n}:en;, is a covering of Qf,, where Q. Rry is a cube containing z,
having side length tg ,(z) and satisfying (f)q, ., > 7. Because of the finiteness

of sup{l(Qz,r,5) : = € O}, by a Besicovitch-type covering lemma, we can choose
a subfamily of {Q;}; such that

UQi> %>R, and Y xo; <Cux|JQs
j J J
Then, obviously, (f)g; > 7 and {@;}; is a covering of Q3n, because for any

(z,t) € Q3ny, « € some Qj, say, Qy,Rr,y, and ty gy > ty R 30y >t for, otherwise,
3QI,R,3"1] D Qy’R,n and thus

#(amg) <l J05) <Y u(@5) < C2Ca Y 1Qi1(2(1FNv)e; /2((1fDey)
; ; ;

< (CCe/8m) Y [ #(Se(e)de < (CiCaa/or) [ B(ie)ee
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Finally, we prove our “claim”, i.e. (2) implies (10). Let
[Naw=intln: [ 8(lfmu(e)s < 8(1).
It is well-known that
| [ @) (@)is] £l o0l 5l v
where ¥ is the complementary function of ®. Now, by Lemma 1
[ ¥tz < [ 8(2)2de <wCalQUran@ial/n by (2)
Q vna Q ‘vna’n

S0 .

/Q\I:(v—nz)avdx < ¥(1)
if
(1) 72 Ca® 7 (1/(epn(@))H(C2IQl/ (ran(@))IQI/n < 1/Ce.
On the other hand, by Lemma 1, (2) implies that if

n 2 Ce[QI27'(1/an(Q))
where &1 is the inverse function of ®, then

1/m(Q) < (Can/(Cs|QY))
which means
C2lQI/(nan(Q)) < ¥(1QI/(1Cs)Cs)  (by Lemma. 1).
Again, by Lemma 1, the last inequality implies (11). Thus
| x@(@v) ™| ¥,a0 < CalQI2 7 (1/ap(Q))

and

(lfl) < l fXQl \Il,avl XQ(Ot‘U)~1| ¥,av
< CalQI27(1/ap(@)) = Ca|QI27(1/(#(@)))

for a = (fQ <I>(|f|)v(z)dx)-l. Therefore, having (3'), we get

(@(fDv)e/2((IfNe) 2 (2(1f])v)e/B(Ce @~ (2(IfV)QlQI/ Q)
> Co(2(IfN0)o/(2(f0)elQl/M(Q) = Con(@)/1Q. 1
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Final Remark: (G) It would be interesting to find out a necessary and sufficient
condition on (p,v) for the validity of (7) without the restrictive condition (6).
|
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